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Abstract 



The maximal supergravity theory in three dimensions, which has local SO(16) and rigid E$ sym- 
metries, is discussed in a superspace setting starting from an off-shell superconformal structure. 
The on-shell theory is obtained by imposing further constraints. It is essentially a non-linear 
sigma model that induces a Poincare supergeometry that is described in detail. The possible 
p-form field strengths, for p = 2,3,4, are explicitly constructed using supersymmetry and E%. 
The gauged theory is also discussed. 
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1 Introduction 



It has been known for many years that maximal supergravity theories have hidden rigid symme- 
try groups that increase in dimension as the dimension of spacetime decreases [1]. The D = 3 
case is special in the sense that the symmetry group E% is the largest finite one in the E series; 
in D = 2 one has Eg [2]. More recently it has been suggested that these symmetries might be 
extended to E\q [3] or En [4]. In addition, in the D = 3 theory [5], the 128+128 on-shell degrees 
of freedom are entirely non-gravitational, so that in a sense the theory is really an SO(16)\Es 
non-linear sigma model, although there is an induced geometrical structure. 

In this paper we describe this model in a superspace with a local SL(2,W) x 50(16) structure 
group. We begin with a brief review of the geometry that describes the off-shell superconformal 
multiplet and then impose further constraints to accommodate the sigma model fields. Because 
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the scalars transform non-linearly under Eg and the fermions transform according to a spinor 
representation of 50(16) it follows that the former can only appear covered by derivatives in 
the geometrical tensors, and that the latter cannot appear linearly. This circumstance simplifies 
the geometry somewhat, especially due to the fact that the dimension one-half torsion tensor 
must vanish which is not the case in higher dimensions (except D = 11). This might lead one 
to believe that there could be generalised chiral (CR) structures involving more mutually anti- 
commuting odd derivatives than in higher-dimensional spacetimes, but this is not the case due 
to obstructions arising from the curvature. 

In recent years there have been several studies of the systematics of form fields in supergravity 
theories, starting with [6, 7]. It was realised that this could be formalised in terms of Borcherds 
algebras [8], and also in terms of En [9, 10, 11, 12]. (See [13] for a discussion of the relation 
between the two). In a separate, but related development, it has been shown that the same sets of 
forms contribute to the hierarchies found in gauged super gravities, see [14] and references therein. 
A key feature is that these forms fall into representations of the duality groups. In addition to 
the physical forms and their duals there are also [D — l)-form potentials, related to gaugings, and 
.D-form potentials, related to space-filling branes. We discuss these fields explicitly and show 
that all of the coupled Bianchi identities for the associated field strengths are satisfied. Our 
construction uses only supersymmetry and E% symmetry, although the allowed representations 
that the forms transform under agree with those predicted from En. The superspace method 
has some advantages, especially for the top forms (three- form potentials in D = 3). This is 
because it makes sense to consider four- (and indeed higher)-form field strengths in superspace 
due to the fact that the odd basis differential forms are commutative. This point of view was 
advocated previously in the context of maximal supersymmetry in ten dimensions [15, 16]. An 
additional feature of the formalism is that it is manifestly super symmetric, and indeed, if one 
concentrates on the field strengths, manifestly covariant under all symmetries. 

Three dimensions is special for gauged maximal supergravity [17, 18, 19] because there are 
no independent vector degrees of freedom. Gauging is very natural in superspace and the 
constraints on the embedding tensor can be seen as a direct consequence of the gauged Maurer- 
Cartan equation. Essentially, the dimension-one constraints are modified by a set of functions 
that fit together in the 1 + 3875 representations of E%. The higher-rank forms, discussed in detail 
in [19], can also be deformed, and we choose to do this in a covariant fashion, i.e. by deforming 
the Bianchi identities. Discussions of the En approach to gauged supergravity in D = 3 can be 
found in [11, 20]. 

The organisation of the paper is as follows: in section 2 we describe the geometrical set-up 
and review the off-shell superconformal constraints for A-extended supergravity in D = 3. In 
section 3 we introduce the E$ sigma model in the context of this supergravity background and 
show how the latter can accommodate it by making appropriate identifications. In section 4 
we analyse the geometrical Bianchi identities up to dimension two. This allows us to identify 
all components of the torsion and curvature tensors and to verify explicitly that the constraints 
are consistent. It is important to do this as the initial set of constraints include conventional 
ones for the 50(16) connection, whereas the sigma model fixes this connection in terms of the 
physical fields, so that one needs to check that these choices are compatible. In section 5 we turn 
our attention to the additional form fields. These consist of the duals to the scalars (two-form 
field strengths) as well as three- and four-forms whose potentials have no physical degrees of 
freedom, and we also give a brief discussion of possible five-forms. The analysis of the associated 
Bianchi identities is considerably simplified by the use of superspace cohomology. In section 6 we 
discuss the gauging of the theory in a superspace setting. We start by modifying the geometry 



2 



by gauging the Maurer-Cartan equation and then deform the Bianchi identities for the form 
fields. In the final section we make some concluding remarks. There are appendices on our 
conventions, superspace cohomology, some details of a calculation, and a final one in which we 
show, using harmonic superspace, that there are no higher-rank (Lorentzian) CR structures in 
this theory than in higher dimensional maximal supergravity. 

2 Geometrical set-up 

We consider a supermanifold M with (even|odd)-dimension (3|32). The basic structure is deter- 
mined by a choice of odd tangent bundle T\ such that the Frobenius tensor, which maps pairs 
of sections of T\ to the even tangent bundle, To, generates the latter. We shall also suppose 
that there is a preferred basis E a i, a = 1, 2; i = 1, ... 16 for Tl such that the components of the 
Frobenius tensor, which we shall also refer to as the dimension-zero torsion, are 

T aif}j c = -iSiji-f)^ ; c = 0, 1, 2 . (2.1) 

At this stage To is defined as the quotient, T/Ti, but we can make a definite choice for To by 
imposing some suitable dimension one-half constraint. When this has been done, the structure 
group will be reduced to 5T(2,R) x 5*0(16), with the Lorentz vector indices being acted on by 
the local 50(1,2) associated with 5L(2,R). 1 With respect to this structure we have preferred 
basis vector fields E A = {E a ,E^} = (E a ,E ai ) with dual one-forms E A = (E a , E-) = (E a ,E ai ), 
the latter being related to the coordinate basis forms dz M = (dx m ,d6^-) by the supervielbein 
matrix Em A , he. E A = dz M EM A - Here, coordinate indices are taken from the middle of the 
alphabet, preferred basis indices from the beginning, while even (odd) indices are latin and greek 
respectively. Underlined odd indices run from 1 to 32, and 50(16) vector indices are denoted 
i,j etc. 

We now introduce a set of connection one-forms, Q A B , for the above structure group. We have 

QcJ^ — — o 

tt a b = -( 7 aV^V- (2-2) 

Spinor indices a, (3 are raised and lowered by the epsilon tensor, while Lorentz and 50(16) 
vector indices are raised by the corresponding metrics rj a b,Sij. We have Q, a p = Vtp a while Q a b 
and are antisymmetric. The torsion and curvature are defined in the usual way 

T A = DE A := dE A + E B n B A 

r a b = dn A B + n A c n c B . (2.3) 

The Bianchi identities are 

lr The dimension-zero torsion (2.1) is also invariant under local Weyl rescalings, but we shall not include this 
factor in the structure group. It is broken in the on-shell Poincare theory. 
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DT A = E B RbA 

DR a b = . 



(2.4) 



Equation (2.1) does not simply determine the structure group, it is also a constraint. With an 
appropriate choice of dimension one-half connections and of To, and making use of the dimension 
one-half Bianchi identity, one finds that all components of the dimension one-half torsion may 
be set to zero: 



T*f = T aM c = . (2.5) 

Imposing further conventional constraints corresponding to the dimension-one connection com- 
ponents we find that the dimension-one torsion can be chosen to have the form 



T ab c = 

W* = ( 7a )^/ + ( 7 W, (2.6) 

where is symmetric and L a ^j is antisymmetric on both pairs of indices. The dimension-one 
curvatures are 

Rai/3j,cd = -^i{lcd) a pKij - 2ie a pL cdi j 

R a i/3j,ki = is a j3(Mi jk i + A6[i[ k Kj^) - i(^ a ) a/ 3(4S^ k L aj ^ - SijL ak i) , (2.7) 

where L a f> = e abc L c , and M^\.\ is totally antisymmetric. This geometry is valid for any N, not 
just iV = 16, and describes an off-shell superconformal multiplet [21]. The interpretation of the 
dimension-one fields, K, L, M, is as follows. The geometry is determined by the basic constraint 
(2.1) which is invariant under Weyl rescalings where the parameter is an unconstrained scalar 
superfield. This means that some of the fields that appear in the geometry do not belong to the 
Weyl supergravity multiplet. At dimension one K and L are of this type, so that we could set 
them to zero if we were only interested in the superconformal multiplet. The field Mijki, on the 
other hand, can be considered as the field strength superfield for the Weyl supermultiplet [21]. 2 
The fact that M is not expressible in terms of the torsion is due to a lacuna in Dragon's theorem 
[23, 24] which in higher-dimensional spacetimes states that the curvature is so determined [25]. 
We recall that in three-dimensional spacetime there is no Weyl tensor but that its place is taken 
by the dimension-three Cotton tensor. This turns out to be a component of the superfield 
M^ki so that we could refer to the latter as the super Cotton tensor. Using the notation [k, I] 
to denote fields that have k antisymmetrised SO(N) indices and I symmetrised spinor indices, 
one can see that the component fields of the superconformal multiplet fall into two sequences 
starting from M. The first has fields of the type [4—p,p], where the top ([4, 0]) component is the 
supersymmetric Cotton tensor, while the second has fields of the type (4 + p,p) and therefore 
includes higher spin fields for N > 8. There is also a second scalar (4, 0) at dimension two. Fields 

2 This was discussed explicitly in for the case of N = 8 in [22] . 
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with two or more spinor indices obey covariant conservation conditions so that each field in the 
multiplet has two degrees of freedom multiplied by the dimension of the SO(N) representation, 
provided that we count the dimension one and two scalars together. It is easy to see that the 
number of bosonic and fermionic degrees of freedom in this multiplet match. 

The other components of the curvature and torsion can be derived straightforwardly from here, 
but we shall postpone this until we have introduced the physical fields. For the conformal 
case, the dimension three-halves Bianchi identities were solved explicitly in [23], while a detailed 
discussion of the N = 8 case has been given in [24] . 



3 The sigma model 

As we have seen the structure group contains an SO (16) factor which is associated with an 
50(16) principal bundle. The sigma model can be introduced via the requirement that this 
bundle can be lifted to a flat E$ bundle. Our conventions for the Lie algebra, ts, are as follows: 
the generators are (Mij,Nj) where M^- = — Mji are the generators for so(16) and the remaining 
generators, Nj, I = 1, . . . 128, transform under one of the two Weyl spinor representations of 
Spin(16). We shall denote the other representation by primed indices, e.g. The algebra of z$ 
is 

[M tJ ,M kl ] = -4S^ k M/ 
[M tJ ,Nj] = -IfrrfuNj 

[N^Nj] = (X^uMij, (3.1) 

where the 50(16) sigma matrices are denoted by £ (see appendix for conventions). The sigma 
model field can be viewed as a section V of the Eg bundle. It is acted on to the right by Eg 
and to the left by the local 50(16) and therefore corresponds to an 50(16)\^§ sigma model 
superfield. The Maurer-Cartan form is 

$ := dVV- 1 := P + Q , (3.2) 

where Q = ^Q^Mij and where P takes its values in the quotient algebra, i.e. P = P 1 Nj. From 
the Maurer-Cartan equation (vanishing E$ curvature), d$> + <I )2 = 0, we find 



DP = (3.3) 
R = -P 2 , (3.4) 

where R := \R l ^Mij is the 50(16) curvature, while D is the SO (16)-covariant exterior deriva- 
tive. In indices, the above equations are 

2D [A P B] +T AB C P C = (3.5) 
RAB,ij = 2P A ^ijPB ■ (3.6) 
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We shall need to impose a constraint on the dimension one-half component of P to ensure 
that we have the correct number of degrees of freedom, namely 128 bosonic and fermionic. We 
therefore set 

P aiI = ifEiAa)/ , (3.7) 

where A a j> describes the physical 128 spin one-half fields. The dimension-one component of 
(3.6) is then satisfied if 

DaiApr = \{i a ) a ^Pa)i> ■ (3.8) 

We can think of P a i as essentially the spacetime derivative of the physical scalar fields. In order 
to see this more explicitly, it is perhaps useful to look at the linearised limit. In the physical 
gauge we can put V = exp(0 / iV/) where (p 1 denotes the 128 scalars. If we now keep only terms 
linear in the fields we find 



D ai kpj, = \{-f = i( 7 a M S ^)j' , (3-9) 

where D ai is now the usual supercovariant derivative in flat superspace. It follows from (3.9) 
that both <pi and A a p satisfy free field equations of motion. 

Note that we have now specified the SO (16) connection in two ways, by choosing corresponding 
conventional constraints on the torsion, and explicitly in terms of V. We therefore need to verify 
that these are compatible. We can easily see that they are by making use of the dimension-one 
component of (3.6). Comparing with (2.6), (2.7) we find agreement provided that 



K a = -2 5 n B •■= -2<% AA 

Lai] = iA a ij := iAjaTiijA 
MijH = -iB ijM := -iAT, ijkl A , (3.10) 

where, on the right-hand-side, the spacetime and internal spinor indices are contracted in the 
natural way (see appendix). The non-zero dimension-one torsion therefore becomes 

Tafij-jk = --^(la)(5^j k B - i(ja b )^A bjk . (3-H) 

With this, we now have a solution to the coupled Maurer-Cartan equations and geometrical 
Bianchi identities up to dimension one expressed entirely in terms of the physical fields. In 
terms of the sigma model fields the dimension-one curvatures are 
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Raif3j,cd — -^ij{lcd)apB + 2e a pA cdi j => 

Rai/3j,kl = £aj3( B ijkl +^[i[kSj]l]B) + (j a ) a /3(4S^ k A aj ^ — SijA ak i) . (3.12) 

Note that there is an interesting feature of this solution that does not occur in higher-dimensional 
maximal supergravity theories (except for D = 11), namely the fact that the dimension one- 
half torsion tensor is zero. This is easily understood in terms of group representations because 
in D = 3 the spinor field transforms as a spinor under the internal symmetry group whereas 
the geometrical tensors can only accommodate tensor representations. If we move up to N = 
8 supergravity in D = 4, for example, the internal symmetry group is ££7(8) and the spin 
one-half fermions transform under the 56-dimensional representation. They can therefore be 
accommodated in the dimension one-half torsion as follows [26] : 



Tai,/3j,jk — ^afj-^-^ijk i (3.13) 

where we have used two-component spinor notation, where i,j,k = 1,...8 and where A^-j. 
is totally antisymmetric on its internal indices. Its leading component in a #-exansion is the 
physical spin one-half fields in the 56 of SU (8) . 



4 Torsion and curvature up to dimension two 



4.1 Dimension three-halves 



In this section we shall check the various identities up to dimension two. This will enable us to 
confirm the consistency of the solution and also to compute the dimension three-halves and two 
components of the torsion and curvature. As expected, these turn out to be functions of the 
physical fields, there being no gravitational degrees of freedom in three dimensions. 

There are two relevant Bianchi identities, as well as the dimension three-halves components of 
DP = and R = -P 2 . They are 



2B[aa,b]c — -Pab^Pgt^c (4.1) 

2R a(a,£)i = -2D( g T a £)~ i -Ta£ b T ab:i (4.2) 

DaPg-DgPa + T^P^ = (4.3) 

RapjM = +2iP a Y, kl Y,jk a . (4.4) 

Equation (4.1) allows us to solve for the dimension three-halves Lorentz curvature in terms of 
the dimension three-halves torsion. The 8 = component of the latter can be identified as the 
gravitino field strength, so we shall give it a new notation T a ^ := ^ab- 1 = Zabc^ - 1 - From (4.2) 
we find that 
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(4.5) 



confirming that the gravitino field strength is completely determined by the matter fields, as 
promised. The dimension-three-halves Lorentz curvature is 

RaPj,b = i{ja^bi ~ \llabl C ^ci)p • (4.6) 

From (4.3) we can determine the supersymmetry variation of P a , 

D ai P a = i(^D a A a ) + iTaJi^kp) , (4.7) 

where the second term on the right-hand-side gives terms that are cubic in A. 

At this stage we see that we have determined the geometric tensors in terms of the physical 
fields, but there are several other equalities that arise. One of these is the equation of motion 
for A, and the others turn out to be identically satisfied even though this is not at all obvious at 
first sight. The full details of this are relegated to appendix D; here we simply state the equation 
of motion: 

7 a D a A =-\BK+ l -^A aijl a A. (4.8) 

4.2 Dimension two 

There are two Bianchi identities at dimension two, the first of which simply tells us that the 
Riemann tensor R a b,cd nas the usual symmetries in the absence of torsion. In three dimensions 
it can be written in the form 

Rab,cd = £abe£cdfG ei (4.9) 

where G a b '■= Rab — \VabR is the Einstein tensor. The second Bianchi identity is 

Rab^S = 2 -D[a^6]^5 + D^T ab s + 21^-7^ . (4.10) 
In addition, we have the dimension-two component of the Maurer-Cartan equation which gives 

R aHj = 2P a X ij P b . (4.11) 

It is a lengthy computation to analyse the content of these equations. Clearly, the SO(16) 
curvature is immediately found from (4.11), while the Lorentz curvature is obtained from (4.10). 
But then there are a lot other components of (4.10) which must be satisfied identically. It is 
indeed the case that this is so, but to prove it requires further Fierz rearrangement. 

For the Lorentz curvature we find 

G ab = -±{P a Pb ~ \vabP c Pc) + 4i(A 1(a D b) A - Vab (B 2 - ^A ai jA aij )), (4.12) 
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where the right-hand side is essentially the on-shell energy-momentum tensor for the sigma 
model. 

Finally, the equation of motion for the scalars can be found by acting on the fermion equation 
of motion with a spinorial derivative. It is 

D a P a = —Z ij P a Al; % — E h - i6 P a Af , . (4.13) 

32 16 6! u— *e v ' 

5 Forms 

In this section we discuss the various form field strengths that can arise in this theory. We 
shall concentrate on these rather than the potentials as this approach is gauge-invariant. This 
is particularly advantageous for the four-forms we shall discuss because the superspace field 
strengths can be non-vanishing even though the purely even components are identically zero. 
We shall derive the full set of forms up to degree four using only supersymmetry and Eg. In 
addition to the physical one-forms P we are allowed to introduce their dual two-forms which 
transform under the 248 of E%. Beyond these, we can in principle have three- and four- forms 
in arbitrary Eg representations as the bosonic potentials do not introduce any new independent 
degrees of freedom; the problem is therefore to determine which representations are allowed. We 
also briefly mention the possible five-forms. The analysis of this problem is facilitated by the 
use of superspace cohomology techniques which we review in appendix C. The Bianchi identities 
for an n-form field strength have the following schematic form: 

I n+1 :=(dF n -J2 F P F q )=0 ; P + q = n+l. (5.1) 
For the two-forms we have 



dF 2 K = , (5.2) 

where R,S,T = 1, . . . 248 denote adjoint representation indices. We shall see shortly that this 
identity is indeed satisfied, and that the (2, 0) component of F 2 is given by the dual of P a together 
with a bilinear fermion contribution. The components of the forms in an Eg basis generically 
involve the scalar field matrix V which we write, in the adjoint representation as, 

V R R = (V ij R ,V I R ) , (5.3) 

where the barred index is to be acted on by SO (10) and therefore splits into the appropriate 
representations determined by the branching rules. The dimension-zero component of F 2 R is 
given by 

F% pj = -2ie aP V t] R . (5.4) 

Now suppose we have a set of three-forms F* transforming under some representation labelled 
by X . The Bianchi identity has the form 
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dF* = F£F 2 R t RS x , (5.5) 

where tRs X is an -E'8-i nvar i an t tensor. Because of (5.2), such a Bianchi is automatically consis- 
tent, in the sense that d acting on both sides gives zero. The Bianchi identity is itself a four-form 
I4 transforming in the representation X . Now any superspace n-form can be decomposed into 
a sum of (p, g)-forms, p = n — q, where p (q) denotes the number of even (odd) indices carried 
by the form. The lowest-dimensional component of the four- form I4 , Jo, 4) nas dimension zero, 
and since dl^ = 0, it must satisfy io^o,4 = (to is defined in appendix C). Suppose that this 
equation is satisfied, then we will have ioA,3 = at dimension one-half. But the cohomology 
group Hf' q = for p > 1 (see appendix C), so we have = io«^2,i- The equation Ji,\ = 
can obviously be satisfied by an appropriate choice of ^2,1 because it contains exactly the right 
number of components, and so there can be no obstruction at dimension one-half. Similar ar- 
guments show that there are no higher-dimensional obstructions so that we conclude that the 
Bianchi identity (5.5) is satisfied provided that its dimension-zero component is. 

The symmetric product of two 248s is 1 + 3875 + 27000. For the singlet the Bianchi identity is 

dF 3 = F 2 R Fia RS , (5.6) 
where ors is the E$ metric (given in appendix B). The dimension-zero component is 

F a /3j~/k = -i$jk(la)l3j ■ (5-7) 

It is not difficult to see that Jo, 4 = 0, and so we conclude that there is a singlet three-form. 

Next consider the 3875. The branching rule is 3875 -»• 135 + 1820 + 1920'. The 135 is a 
symmetric traceless tensor which we shall write as tjj, the 1820 is a fourth-rank antisymmetric 
tensor, and the 1920' is a sigma-traceless primed vector-spinor. The dimension-zero component 
of this three-form is 



Fa P]1 k = -i{la)MVo,k > (5-8) 

where U, V, W = 1, . . . 3875 and where Vjj u is the scalar field matrix in the 3875 representation, 
so that Vi j U is the projection onto the 135 in U . If we write the Bianchi identity as 1% = 
dF^ — F 2 F 2 R bjis U = 0, we can see that its dimension-zero component is indeed satisfied. This is 
because the symmetrised product of two 120s coming from FQ 2 F R 2 bRs U can give both 135 and 
1820 (since these are both contained in 3875), but the 1820 drops out in the Bianchi identity 
because the symmetrisation over the four odd indices would require antisymmetrisation over 
the four two-component Lorentz spinor indices. We can thus conclude without any further 
calculation that this Bianchi identity is satisfied. 

The final possibility for three-forms is the 27000. The branching rule is 27000 —¥ 1 + 1820 + 
6435 + 5304 + 128 + 13312, the last two being spinorial representations. The most significant one 
for us is the 5304; this is a tensor with the symmetries of the Weyl tensor (in sixteen dimensions). 
The only possibility for the dimension-zero component is 

Fap n k = -iS jk (la)^V x , (5.9) 
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where Vq denotes the singlet projection of the scalar matrix in the 27000. However, the 
dimension-zero (F2) 2 term now has a contribution in the 5304 that cannot be balanced in the 
Bianchi identity, and so we conclude that the 27000 is not allowed. 

Next, we consider the four-forms. They obey Bianchi identities of the form 

dF* = F^F^t RU x , (5.10) 

where tnu X is an invariant tensor in the indicated representations. The possible representations 
are therefore contained in the tensor product of 248 and 3875 which is 779247+147250+30380+ 
3875+248. In order for the Bianchi itself to be consistent we must have 

b(RS U t T )u X = (5.11) 

This will be true if the symmetrised triple product of 248 does not contain the representation 
X. Of the possible representations, only the 3875 and the 147250 have this property and so 
we can discard the others. The Bianchi identities for the four- forms are five-forms, 1$, so that 
the lowest possible non-trivial components are (dimension zero). We must have ioA,4 = 
which implies that = io<^2,2- Setting Ji,i = simply allows us to solve for the dimension- 
zero components of the four-forms, and the argument can be repeated at dimension one-half. 
There are no dimension-one components as we are in three-dimensional spacetime. We therefore 
conclude that there are no obstructions to solving any consistent (i.e. closed) Bianchi identities 
for four-forms. 

There is a possible singlet four-form F4 but it has to be gauge-trivial, i.e. dF^ = 0. However, 
this is trivial in the sense that one can write F4 = dG%, where the only non-zero component of 
G is G a b c oc £ a bc- 

Finally, we comment on the possible five-forms that can arise in the theory. The corresponding 
potentials for these do not have purely even components, but there are three-form gauge pa- 
rameters that can have non-zero (3, 0)-components. Indeed, as has been pointed out [19], these 
can play a role in the gauged theory. The five-form Bianchi identities have the schematic form 

dF* = (F A F 2 ) X + (F 3 F 3 f . (5.12) 

The possible representations are therefore contained in the products 248 x 3875 = 248 + 3875 + 
30380 + 147250 + 779247, 248 x 147250 = 3875 + 30380 + 147250 + 779247 + 2450240 + 6696000 + 
2641100 and the antisymmetric product of two 3875s which gives 248+30380+779247+6696000. 
The only component of a five-form that can be non-zero in supergravity is F 3 ^ and this must 
be proportional to e a b c £ a [s multiplied by a function of the form F* that is antisymmetric on 
ij. It therefore follows that the only representations that can be non-zero must contain 120 
in the branching down to ,50(16). This leaves only four possibilities: 248, 30380, 779247 and 
6696000. It is straightforward to verify, using group theory, that all four of these, which have 
contributions from at least two terms on the right-hand side, have consistent Bianchi identities 
and that they all occur with multiplicity one, i.e. there are no free parameters. Given that the 
Bianchi identities are consistent, it follows from cohomology that there will be no obstructions 
to solving them. 

To see this in more detail, consider an arbitrary five-form with the Bianchi identity (5.12). 
Applying another d to this equation we find that both terms give rise to terms of the form 
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F^F R F 2 s t u>RS X , (5.13) 

where t is an invariant tensor, and the sum of these terms must vanish for consistency. The 
pair RS is symmetric and can therefore be in any of the representations 1 + 3875 + 27000. So 
to check whether a given term can be non-zero we have only to check if this representation 
multiplied by the 3875 contains the representation X. Clearly the singlet cannot occur, but the 
other two can, at least in principle. As an example consider X = R, the 248. There are two 
terms in the Bianchi identity and the one coming from two three-forms can only give rise to 
RS in the 3875. So if the other term, coming from F 4 (3875) x F 2 were to allow the 27000 the 
Bianchi identity would not be consistent. But 3875 x 27000 does not contain the 248, so the two 
3875 contributions can cancel and we are left with precisely one consistent Bianchi identity. The 
argument can easily be repeated for the other three representations that can tolerate non-zero 
five-forms in supergravity and one finds that they are indeed all consistent with multiplicity one. 

The same argument can be extended to the representations corresponding to the five-form field 
strengths that must be zero in supergravity. They are 3875, 147250, 2450240 and 26411008. The 
last two are definitely not consistent and it is unlikely that other two are either, although this 
has not been checked in detail. 

In summary, the dual two- forms are in the adjoint representation of Eg, the allowed three- forms 
transform under the singlet and 3875 representations and the allowed four-forms transform under 
the 3875 and 147250 representations together with a trivial singlet. The Bianchi identities are 



dF 2 R 


= 


(5.14) 


dF 3 


= FlF^ans 


(5.15) 


dF" 


= F 2 R F 2 s b RS u 


(5.16) 


dF 4 


= 


(5.17) 


dFY 


— ^3 b 2 C RV 


(5.18) 


dF* 


= F^F R d RV x , 


(5.19) 



where a,b,c,d are ^-invariant tensors, and where X, Y, Z = 1, . . . 147250. 
The components of F R are 



F ai/3j - -ZiZapVij 

K% = -i(7a£,A)/^ 

F R = e ab c (P c I V I R -2iA c i iV ij R ) (5.20) 

The components of the singlet F3 are 



^a/3j-yk 
Fabc 





4ie abc B . 



(5.21) 
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The components of F% are 

-Kla)l3jV jik U 

2iV kr u (j ab A) ir 

2ie abc B^ k % kl u . (5.22) 



-i(lab)~ t &V k j 

as abc V w U ^i> , (5.23) 



-i(lab)j8V k: l X 

bs abc V u > X ^i> , (5.24) 

where a, b are real, calculable constants. It is easy to see that the singlet four-form F4 is exact 
as the only non-zero component is 

FalrykSl = -ihl(lob)iS ■ (5-25) 

Clearly F4 = dG^, where the only non- vanishing component of G3 is G abc = e abc . 

In addition there can be non-zero five-forms in the representations 248,30380,779247 and 6696000, 
obeying Bianchi identities of the form (5.12). The five- forms can only be non- vanishing at di- 
mension zero where they have expressions of the form 

F abcai(3j = icSahcEapVij* , (5.26) 

where X can be one of the above representations, ij denotes the 120 of SO (16) and c is some 
real constant. 

The forms can equally well be discussed in an SO (16) basis. We shall distinguish this basis by 
barring quantities or indices. The Bianchi identities can be written 

DF n = -F n AP + F n ^AF 2 (5.27) 

where F = FV, P is considered as being Lie-algebra-valued in the appropriate representation 
(with barred indices) and where the last term is understood as involving the appropriate invariant 
tensor. For each F this equation can be split into various representations of 50(16) according 
to the branching rules. The components of the Fs in this basis can be read off from those of 
the Eg basis straightforwardly. A key point is that they do not contain any explicit scalars; in 
particular, the dimension-zero components are just given by SO (16)-invariant tensors. 



The components of F^ are 



pU 

F U 

ab-yk 

F U h 

abc 



abjkSl 

F U 

abcSl 



while the components of are 



r abjkSl 

F x 

r abcSl 
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6 Gauging 



6.1 Geometry 

The gauging of maximal D = 3 supergravity has been discussed in [17, 18], and the differential 
forms were subsequently discussed in [19]. The key tool is the embedding tensor, £r S . 3 The 
embedding tensor allows one to present the results in a way which looks E$ covariant but which 
is actually only covariant with respect to the local SO (16) and the gauge group Go C E% that 
we shall not need to specify explicitly (see [18] for a list of the possible gauge groups). The 
embedding tensor is essentially given by a sum of projectors onto the irreducible subspaces of 
es corresponding to the simple factors of g [18]. It can be taken to be symmetric, Srs '■= 
£r a>TS = £sr and there is also a quadratic constraint on £ that follows from demanding that 
it be invariant under gauge transformations. It is 

£ R P £(M Q fN)PQ = , (6.1) 

where /pqr denotes the Cs structure constants. The discussion is best approached via the gauged 
Maurer-Cartan form [27] (see [28] for the superspace version) which can be written 

<£> = VVV- 1 = P + Q , (6.2) 

where P is a gauge-covariant derivative that acts on the Eg index carried by V R R , i.e. the 
superscript. The gauged Maurer-Cartan equation, which follows directly from (6.2), is 

R + DP + P 2 = gT := gVTV- 1 . (6.3) 

Here, g is a constant with dimensions of mass which characterises the deformation and D is 
covariant with respect to both SO (16) and Go- The theory has both of these groups as local 
symmetries, but the rigid E$ is broken. The technique we shall use in the following analysis is 
to work with 50(16) indices, so that the gauge group is hidden from view. 

The original geometrical constraint in superspace (2.1), i.e. taking the dimension-zero torsion 
to be the same as in flat space, together with the allowed conventional constraints, leads to the 
dimension-one torsion and curvatures given in equations (2.6) and (2.7). Since the deformation 
parameter g has dimension one it follows that we can expect changes to the tensors Kij,L a ij 
and Mijki- These can only be proportional to g multiplied by functions of the scalars and so 
L a ij must be unchanged. This leaves K and M which together fall into the 1 + 135 + 1820 
representations of SO (16). Anticipating a little we can see that these can be combined into the 
Es representations 1 + 3875 if we also have the 1920'. This representation can be found in the 
scalar part of D a ikpp, which vanishes in the non-gauged case but which will be modified when 
the gauging is turned on as one can see from (6.3). 

To implement the gauging explicitly we first need to solve for the two-form field strength. This 
should be projected along rj which leads us to propose that it should have the form 

T R = F S £ S R . (6.4) 

3 The embedding tensor is usually called 6 but we have chosen a different notation to avoid confusion with the 
superspace coordinates. 
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It is easy to see, using the fact that V£r = 0, that the Bianchi identity for T will be solved 
if we take the components of F R to have the same form as in the ungauged case. In fact, the 
only ^-dependence could be at dimension one, but since this component of F is a spacetime 
two-form this cannot occur. Lowering the index on T and converting to an SO (16) basis we 
find, at dimension zero, 



Faipj,kl = —2i£apVij R VM £rs (6.5) 

FaiPjJ = -liE^V^Vi £ RS , (6.6) 

and at dimension one-half, 

T af i h i = -i(j a XjA)p J Vj R Vf £ RS • (6.7) 

Since £rs is symmetric it can contain the 1 + 3875 + 27000 representations of E$, but we can 
see directly from the 120 component of (6.3) that the 27000 must be absent due to the fact that 
it cannot be accommodated in the dimension-one curvature. This is the basic constraint on £ 
derived in [17, 18]. It then follows that the only representation in (6.6) will be the 1920'. The 
functions appearing in the dimension-zero and one-half JVs can therefore be written 

V ij RV kl £RS = fij,kl '■= fyfc<%/o + 5[i[kfj],l] + fijkl 

Vi R Vm£rs = (E[k)ij'fi]j> 

V! R Vj S £rs = ^i j ki)uf ijkl -26uf Q , (6.8) 

where the functions /o, fij, fijkl and fi exhibit the 1 + 135 + 1820 + 1920' split explicitly. The 
deformation feeds into the geometrical tensors at dimension one via the gauged Maurer-Cartan 
equation from which we find 



i 

Kij = --SijB + 2g(f i!j + Sijfo) 

Mijki = —iBijki + 8g fijki 
D ai App = {i a ) a p(^P a ) r +ge a pf ir . (6.9) 

It is easy to check that the geometrical Bianchi identities at dimension three-halves are satisfied. 
To do this one needs the following easily derivable identities 



D ai fo = 

Daifj,k = 2lA. Q ,£j£( J / fe ) 

Dai fjklm = ~ ^a^i^-'fjfcz/m] 

Daifj = iA a S i S fc /j ) fc + — A Q Si(Sj Mmn fklmn + 12T, klm fjklm) ■ (6.10) 
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There is a modification to the gravitino field strength given by 

as well as a (/-dependent term in the fermion equation of motion, 

j a D a A(g) = 4<7(/oA - ^f m V jKl h) . 

Finally, at dimension two, there are changes to the curvature scalar and 
motion given by 

R(g) = ~(48foB - fijkiB^ 1 ) 

-3g 2 (fif -2/^/^-32/o/d) 

D a P a (g) = ^ ijk f t B^ 1 

-^^ ifj f^-^ jklfi f^). (6.13) 
6.2 Forms 

We now consider the hierarchy of forms. In the geometrical discussion above we have only 
used the true non-abelian gauge fields, but in order to accommodate all of the forms it will be 
necessary to include the other two-form gauge fields which we could think of as being abelian, 
although they do transform under the gauge group. In other words we have a set of 248 gauge 
fields F R , where F R = F s £s R . The Bianchis for the forms can then be written, in the E% basis, 

VF n = (FF) n+1 + gF n+l Y n+hn , (6.14) 

where (FF) denotes the bilinear term of the same form as in the ungauged case and Y^+i,n 
denotes a mapping from the representation space lZ n +i of the (n + l)-forms to that of the n- 
forms, 1Z n . In order to determine the y-matrices one must compute the effect of applying T> to 
(6.14); clearly one will require, in agreement with the general discussion in [14], that 

Y n+1>n F n , n _i = (6.15) 

in order for the g 2 terms to cancel. The presence of the ^-dependent term on the right-hand side 
of a deformed Bianchi identity implies that the (n — l)-form potential will transform under the 
(n — l)-form gauge transformation of the n-form potential, which is the way the hierarchy has 
been derived previously [19]. Before discussing this system in more detail we note that the Fs 
themselves are hardly changed from the abelian case. Since g has dimension one, it is only the 
purely even components of the Fs that can get deformed and these only by the /-functions of 
the previous section. So only the (3, 0) components of the three-forms can receive corrections, 
which for the 3875 take the form 



(6.11) 
(6.12) 

the scalar equation of 
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FH C = e abc (a'f V u + bT-'Y.J' + c'P k % kl u ) , (6.16) 
where a',b'.c' are constants. 

We now give an example of the hierarchy computation in this covariant language. The two-form 
Bianchi identity is VF2 = 5^3^3,2- Applying a second V to this we get 

gF^F 2 s X ST R = gFiF^b S T U Yu R + g 2 F^Y x u Yu R , (6.17) 

where X$t R = £s P fpT R is the generator of the gauge group within the 248 representation [14]. 

The second term on the right must vanish in order to satisfy (6.15), and we can easily satisfy 
the part of the equation linear in g by taking 

Y S t R = £( S P fT)p R (6.18) 

in agreement with [19]. Here, we have replaced U by a symmetrised pair of 248 indices on Y, 
and (6.18) is correct as it stands because the singlet and the 27000 vanish on the right. One 
can continue in this way for the higher forms for which we find 14,3s that agree with those of 
[19], although we have not checked beyond this. The complete hierarchy for the gauged forms 
in supergravity requires the five-forms and their Bianchi identities, and the Bianchi identities 
for the six-forms, even though the latter vanish in supergravity. This is because the seven- 
form right-hand side of the six-form Bianchi identities involve terms of the form (i^i^) and 
(F4, F3) and these expressions can in principle be non-zero at dimension zero. However, provided 
that the identities are themselves consistent, these equations will automatically be satisfied for 
cohomological reasons. 

The fact that the Bianchi identities are consistent suggest that the field strengths should be 
expressible in terms of potentials, and this is indeed the case. For the two- and three-forms we 
find 

F 2 R = dAf + ^AfXs^ + A^ (6.19) 
F 3 RS = VA RS + 9 A R (dA s 1 +^A ( fA p Xp Q s ) + gAfY x RS , (6.20) 

where, in the second equation, the indices RS are symmetrised and projected onto the 3875, 
while X denotes the 3875 and the 147250 representations. 

In the above we have ignored the singlet three-form, but its Bianchi identity can also be deformed: 

dF 3 = F R Fia RS + gF^Yjj , (6.21) 

where Yjj is proportional to the 3875 component of the embedding matrix. It is not difficult to 
verify the consistency of this Bianchi identity. 
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7 Conclusions 



In this paper we have presented the maximal supergravity theory in three dimensions in a 
superspace setting. Starting from the off-shell superconformal constraints we have shown how 
one can accommodate the supergravity sigma model by introducing the scalar fields in the coset 
SO(16)\Eg. The sigma model fields enter the geometry via the dimension-one components of the 
torsion and curvature tensors, that is the functions Kij,L a ij and M^. The spin one-half fields 
A cannot appear in the dimension one-half torsion owing to the fact that they transform under 
a spinor representation rather than a tensor one, although this does not imply that there are 
Lorentz-covariant CR structures of a higher rank than there are in more spacetime dimensions 
(appendix E). We solved for all of the components of the torsion and curvature tensors and 
derived the equations of motion. 

The theory can be gauged by introducing a non-abelian gauged subgroup Go of Eg and making 
use of the gauged Maurer-Cartan form. There are terms in the gauge-deformed Maurer-Cartan 
equation involving the two-form gauge field strength that are proportional to the parameter g and 
that modify the dimension-one scalar functions in the theory. We computed these, the changes 
induced in all the components of the geometrical tensors and the modifications to the equations 
of motion. The dimension-one functions fall into the representations 1 + 135 + 1820 + 1920' of 
SO(16), the representations that appear in the 1 + 3875 representations of E%. This gives a 
nice derivation of the fact that the embedding tensor, which is in the symmetric product of two 
adjoint representations of Eg, cannot contain the 27000 representation. This picture extends 
to higher dimensions. For example, in D = 4 there are dimension-one scalars that appear in 
the torsion in the 36 + 420 representations of SU(8) [29] that can be combined into the 912 
representation of Ej, as one would expect [30]. 

The ungauged theory admits a set of differential forms that transform in various representations 
of E$, including one-, two- and three- form potentials. We examined which representations can 
appear using supersymmetry and consistency of the Bianchi identities. The analysis is made 
easier in superspace owing to the fact that one can study the problem covariantly using the 
field strengths even in the case of the three-form potentials, because a four-form makes sense 
in superspace even when there are only three even dimensions. In addition, explicitly checking 
that the Bianchi identities are satisfied is facilitated by the use of superspace cohomology; only 
a few components of the Bianchi identities need to be checked due to the fact that Hf ,q = for 
p 7^ in D = 3, N = 16 superspace. 

The differential forms can also be studied in the gauged case by deforming the Bianchi identities. 
The field-strengths transform under the gauge group so that the exterior derivative must be 
made gauge-covariant. The Bianchi identity for F n develops a term gF n+ iY n+ i^ n , where Y n+ \, n 
maps the representation space of (n + l)-forms to that of n-forms and depends linearly on the 
embedding tensor. This means that all of the forms become related by a sequence of such maps 
that must be exact in order for the Bianchi identities to be consistent. The closure of the full 
system of forms requires the introduction of five- forms in the supergravity limit, and it was 
shown that there are such objects in the ungauged case. These are unmodified in the gauged 
case, and indeed the only forms that can be are the three-forms at dimension zero. 
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Appendices 

A Spacetime coventions 

The metric is r) a b = diag(— 1, 1,1). The epsilon tensor is defined so that £012 = +1- The dual of 
a one-form v a is v ab := e a b c v c so that v a = — \e a bcV hc - 

The gamma-matrices with indices in standard position are {i a ) a ^ ■ They obey the algebra 
la lb = Vab + lab, where i ab = e a bcl c ■ We also have 7 afec = e abc for the totally antisymmetrised 
product of three gamma-matrices. Spinor indices are lowered or raised with the spin "metrics" 
e a/ 3 and e a/3 which we take to have the same numerical entries, i.e. £12 = e 12 = +1. The 
summation convention is NE-SW, i.e. v a = e al3 vp and v a = v^e^ a . The matrices i a (and 7^) 
with both spinor indices down (or up) are symmetric. 

A vector can be written as a symmetric bi-spinor via 

V a /3 = -^(la)al3V a <^ V a = {laT^Vafj . (A.l) 

For any two spinors tp, x and any gamma-matrix T we define the tensorial bilinear to be 

VT X := ^rJxp ■ (A.2) 

B Conventions for 5*0(16) and Eg 



Vector indices are = 1 ... 16, unprimed Weyl spinor indices are I, J, . . . = 1 . . . 128 and 

primed Weyl spinor indices are I',J',... = 1 . . . 128. The metrics for each three spaces are flat 
euclidean, so it is not important to distinguish between upper and lower indices. 

The basic sigma-matrices are (Ej)jj' and (£j)j/j. We shall take Sj = (Sj) T and not bother to 
write out the tildes since it will be clear from the context which is meant. Sigma-matrices with 
two or more indices are antisymmetrised products of the basic ones as usual. 

Sigma-matrices with an even number of vector indices are bi-spinors of a fixed chirality. (£2, T,q) 
give a basis of antisymmetric 128 x 128 matrices while (1,^4, Eg) give a basis of symmetric 
matrices. We shall take (Ej 1 ...j g )/j to be self-dual while Eg with primed indices is anti-self-dual. 

For an arbitrary matrix Mjj we have 
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_. n=4 
n=0 



where 



M n ... J2n := — (^...^J^Mjj , (B.2) 

except for n = 4 when there is an extra factor of | on the right-hand side. The matrix So is 
Sij. The formula for primed indices is identical. 

The bilinears that can be formed from the spinor field A a p are the Lorentz scalars 



B = A A := A aI> A aV 



Bi 1 ...i 4 — ASj^.^A :— A aI (E-i 1 ...i 4 )i'j>A a ji 

Bij...^ = AS^.^jgA := A aI (Si 1 ...i 8 )/'j'A a j / , (B.3) 
and the spacetime vectors 

A a ni 2 = AS^j^aA := A Q/ (S il i 2 )//j/(7 a ) Q /3 A /3 j/ 
A ail ... i6 = AS il ... ia 7 A:=A a/ '(I! il ... ia ) 7 ij/(7 ) a ^A i9 j/ . (B.4) 

The adjoint representation of is the same as the defining representation and has dimension 
248. It splits into 120+128 in 50(16). The summation convention is A R B R = A I B I + \A^Bij. 
The metric a^s nas components 

o-ij,ki = ~2^k[iSj]i ■ (B.5) 

For the inverse, the summation convention implies that a IJ = 5 IJ while 

a ij,kl = _g § k[i S j]l _ ( R g) 

C Superspace cohomology 

Since the tangent bundle splits into even and odd parts it is possible to split the space of n-forms 
into spaces of (p, g)-forms, p + q = n, where a (p, q) form has p even and q odd indices: 

nP,q B ^ = vh E ^ ■ ■ ■ EhEap • • • Eai ^- a ^-p« ' (ai) 
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where, in this appendix, spinor indices run from 1 to 32. The exterior derivative splits into four 
terms with different bidegrees: 

d = d + di + 1 + h , (C.2) 

where the bidegrees are (1, 0), (0, 1), (— 1, 2) and (2,-1) respectively. The first two, do and d\, 
are essentially even and odd differential operators, while the other two are algebraic operators 
formed with the dimension-zero and dimension three-halves torsion respectively. In particular, 

(toUp, q ) a2 ...a P l3i...p q « T ( / 3i/3 2 aiw ai|a 2 ...a p | / 3 3 .../3 q +2) ' ( C - 3 ) 

The equation d 2 = splits into various parts according to their bidegrees amongst which one 
has 



(to) 2 = (C.4) 
t d 1 +d 1 t = (C.5) 
d\ + t d + d t = . (C.6) 

The first of these enables us the define the cohomology groups Hf' 9 , the space of to-closed 
(p, g)-forms modulo the exact ones [31]. The other two then allow one to define the spinorial 
cohomology groups Hg' q , but we shall not need these in this paper. In ten and eleven dimensions 
these cohomology groups are related to spaces of pure spinors and pure spinor cohomology 
respectively [32, 33, 34]. 

In D = 3,N = 16 supergravity the dimension-zero torsion is given in equation (2.1). The 
associated to turns out to have trivial cohomology for p > 1, a result that greatly simplifies 
the problem of finding solutions to the differential form Bianchi identities. It can be derived by 
dimensional reduction from D = 10 [35] cohomology. 

D A dimension three- halves calculation 

In this appendix we give some more details of the dimension three-halves equations that arise 
in section 4. We can study these by computing two spinorial covariant derivatives acting on A. 
We have 

DaD £ = Dl 6 + ±{D„,D £ ] . (D.l) 
The second-order derivative can be decomposed as 

D 2 ^ := e aP Dl + {l a ) a pD 2 aiJ (D.2) 

where the Lorentz scalar and vector terms are respectively symmetric and antisymmetric on 
ij. We can now evaluate two spinorial derivatives on A using this and the Ricci identity that 
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enables us to express the anti-commutator in terms of the torsion times a single derivative and 
the curvature. We find 

eapD^ + ( 7 a ) a/3j D^.A 7 = -^ -( 7 °) Qi9 D o A 7 + i(7 a ) j g 7 (S J -E i £) o A a ) 

+ l -(B ijkl + 28 i[k 5 l]j B){Y, kl A 1 ) 

+lh a U(45 (t[k A am - ^A aH )(S H A 7 ) . (D.3) 

We now split this equation into four parts according to the symmetries of the pairs of spinor and 
internal indices. Consider first the part that is symmetric on a(3 and on ij. After contracting 
the expression with (7 a ) Q/3 and with a little algebra one can show that this is proportional to 
Sij. One finds 

2i lal b D b K - la BA + ^A aij A = , (D.4) 
Contracting this with 7° we obtain the Dirac equation for A, 

7 a D a A = ~BA+ % -^A aijl a A. (D.5) 

The gamma-traceless part of (D.4) must therefore vanish identically. That it does so is due to 
the identity 

E^'A^A^A^ = . (D.6) 
The part that is symmetric on a/3 and antisymmetric on ij determines D^A to be 

D 2 aij A = -^7aAA - l -^ k ^ a T bj]k A , (D.7) 

where we have regarded the dimension-one torsion as a matrix in spin space. In likewise fashion, 
the antisymmetric-symmetric part determines Df-A to be 

D%A = 8^-BA + ^E fe ^A) - 2E ( ,£% )fc A , (D.8) 

where Ay := —^ a A a ij is regarded as a matrix in spin space. Finally, we are left with the part 
that is antisymmetric on both pairs of indices. After making use of the equation of motion we 
obtain 

Ey-BA - hl kl B ijkl A - AA l3 A - 4£ [l £% ]fc A + ^E^E^A = . (D.9) 
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This equation, cubic in A, has the form of an antisymmetric tensor-spinor with respect to the 
50(16) indices. The fact that it is identically true can be shown using the Grassmann-odd 
nature of A together with some Fierz rearrangement. 



E Harmonic superspace 

Harmonic superspaces were introduced in [36, 37, 38] and first studied in three dimensions in 
[39]. A complete classification of harmonic superspaces for three-dimensional supersymmetry 
was given in [40]. In this section we discuss harmonic superspaces for maximal supergravity in 



The basic idea of harmonic superspace is to introduce additional bosonic variables that parametrise 
a coset space of the R-symmetry group, in our case 50(16). Following [37] we shall use an equiv- 
ariant formalism, i.e. we work on the group G = 50(16) with fields whose dependence on the 
isotropy subgroup H is fixed; this has the advantage that one can work globally without having 
to introduce local coordinates on the coset. We denote a group element by Ui>\ where G acts 
to the right on i and H acts to the left on the primed index. We can use u to convert G-indices 
on superfields to H ones. To differentiate with respect to the harmonic variables we use the 
right-invariant vector fields Dyy which are antisymmetric and which obey the commutation 
relations of 50 (16). We have 



We are interested in constructing CR structures on harmonic superspace. A CR structure is an 
involutive complex distribution, K say, such that Kf] K = 0. In other words we have to look for 
sets of independent complex vector fields that close under graded commutation. In flat harmonic 
superspace the appropriate cosets are the flag manifolds := (U(k) x 50(16 — 2&))\50(16); 
they have the propoerties that they are both compact and complex. The fundamental repre- 
sentation space of 5*0(16) is 1R 16 which we can think of as R 2h ]R 16 " 2fc . The isotropy group 
will then preserve this splitting together with a complex structure on R 2fc . We set %' = (r, f, x), 
where r = 1 . . . k and x = 2k + 1 . . . 16. Note that in this partially complex basis the 50(16) 
metric is (5 r s,S xy ) so that the flat superspace derivatives D ar = u r l D a i anti-commute. The 
derivatives on G split into the isotropy group ones (D rS , D xy ), and two sets of coset derivatives 
that correspond to the 9-operator and its complex conjugate. We have 5 ~ (D rs ,D ry ) and 
d ~ (Dfs, Dpy). Note that the set of derivatives (D ar , D rs , D ry ) closes on itself and thus defines 
a CR structure. It is this sort of structure that we want to generalise to the curved superspace 
case. 

In maximal D = 3 supergravity, harmonic superspace is the H\G bundle associated with the 
principal 50(16) bundle. In order to construct the required CR structures we start by consid- 
ering the horizontal lifts of the odd basis vector fields E a i, 



D = 3. 



Di'j'Ufc 




k 



(E.l) 




(E.2) 



where E ai i := u^Eai, etc. The anti-commutator of two such vector fields is 



[E a i',E/3ji] — VL ai i^E^ji + tlpji jCe 




(E.3) 
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where E c is defined in a simliar way to E a i> . 

We now wish to examine the CR structures spanned by sets of vector fields of the form 
(E ar , D rs , D rx ) that are compatible with the supergravity constraints. At first sight it might 
seem that the D = 3 theory could be better behaved in this regard than maximal supergravity 
theories in higher dimensions because the dimension one-half torsion vanishes. We recall that 
in D = 4, N = 8 supergravity, the largest CR structure that is allowed has one two-component 
dotted and one two-component undotted odd vector field, (E a i,E^) say, which means that we 
can only have Lorentz covariant sub-superspace measures corresponding to integrals over at least 
twenty-eight odd coordinates [41, 42]. However, we shall see that there is no improvement on 
this in three dimensions due to the presence of the curvature term in (E.3). 

In examining the sets of vector fields that span the CR structure we need not consider the 
derivatives along the isotropy sub-algebra directions, and we are allowed to have non-zero cur- 
vatures that contract with the harmonic derivatives corresponding to 8 in the coset space. So 
the curvatures that are constrained have Lie algebra components (rs,ry). We thus require 

Rar,/3s,tu = 

Rar,/3s,ty = . (E-4) 

Looking at the third line of (3.12) we see that the terms involving the singlet scalar B and the 
vector A a ij drop out of these expressions due to the presence of the SO(16) metric, but that the 
four-index scalar Bijki does not. In order for both of equations (E.4) to be satisfied it is clear 
that r can take at most two values, and so we conclude that the largest odd dimension for a 
Lorentz-covariant CR structure is four, which again corresponds to the possibility of integrals 
over twenty-eight odd coordinates. The isotropy group for this structure is U(2) x 50(12). 
Finally, we note that we can have analytic fields of this type (i.e. annihilated by all of the CR 
vector fields) provided that they only carry charges under the U(l) subgroup of the U(2) factor 
of the isotropy group. Analytic fields that transform under the rest of this group are not allowed 
due to the curvature terms in the isotropy group directions in (E.3). 
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